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Outline Of The Talk

1) Linear dimension reduction methods
PCA, MDS, and SVD

2) Nonlinear dimension reduction methods
Isomap, LLE, Laplacian Eigenmap, TSNE, and UMAP

3) Canonical correlation and Trajectory analysis
Data integration and reversed graph embedding



Data Matrix (Table)
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Multivariate Linear Regression Model

y IS response variable or

dependent variable X,...X, are independent variables
Yii Xy Xpp oo Xgp
Yo Xo1 XKoo -ov Xgp

—ynixnl Xn2 an —

Y=PBot BiXy +BX ... TBX g

y=XB+e



Application Of Simple Linear Regression Model

y=PBotPiXte
y X application
Tumor size Gene expression correlation
Gene expression Treatment vs control t-test
Treatment response Gene expression Classification (gim)




Unsupervised Analysis

Xll X12 o o0 Xl
X21 X22 oo o X2

L Xy Xp ... X

* We do not have data for response variable y or sample label
* \We are more Interested In intrinsic relationship among samples



Supervised And Unsupervised Statistical Learning

continuous variable

supervised —

categorical variable

unsupervised —

Regression model
linear regression, polynomial
regression, glm

Classification
Logistic regression, LDA,
random forest, gbm

Clustering analysis

hierarchical clustering, k-means

Dimension reduction
PCA, MDS, t-SNE



| Component Analysis (PCA)
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Principal Component Analysis (PCA)

Maximize variance
(squared distance)
of red dots in
this direction

Karl Pearson 1901; Harold Hotelling 1933-1936

x1



Principal Component Analysis (PCA)

X2

Minimize residuals
(squared distance)
in this direction

; x1
Karl Pearson 1901



Principal Component Analysis (PCA)
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Geometric View Of PCA:
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PCA: Samples With Two Groups
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PCA: Samples With Two Groups .
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XNN(P"? E)
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PCA: Samples
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PCA: Samples With Three Groups
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Variance Accounted For By PC1
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PCA Analysis Of TCGA Breast Cancer Data

TCGA BRCA samples
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How does PCA identify PC1 from RNAseq data?
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Algorithm of PCA

Z; = XWq
Z, = XW,
Z3 = XWj,
Z=XW

var(Z) = (XW)TXW
var(Z) = WTXTXW = WTSW

Choose w to maximize w'Sw
subject to WTW = |



Algorithm of PCA

Choose w to maximize wTSw
subject to WTW = |

L(w, L) =w'Sw — A(w'w — 1)

dL

v 2SW — 20w

SW = AW
w Is the eigenvector and A Is eigenvalue



Properties Of Eigen Values And Eigen Vectors

Covariance matrix S

» There are p pairs of Eigen values and Eigen vectors
» Eigen values are ranked from the largest to smallest
* For covariance matrix, all eigen values are nonnegative



Variance of PCs Are Eigen Value And Are Additive

var(z) = w'Sw
= wAw
= A

var(Z) =i, + A, L+ A,

Proportion of Variance Explained

e ——r—)

Principal Components



Singular Value Decomposition (SVD)

Z=XW
Z, = XWDL2
ZSDl/ZWT — X

X = ZSD1/2WT

X =UzVT



Right and Left Eigen Vectors Of SVD

X =UzZVT

XX =VZIUTUZVT
=VZ2VT

XXT=UzZVTVZUT
= Uz2UT



Multidimensional Scaling (MDS)
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London
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Warsaw

Multidimensional Scaling (MDS)

Pairwise Distance Matrix

Athens Berlin Dublin London Madrid Paris Rome Warsaw
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Multidimensional Scaling (MDS)

LLaw of cosine

a’ = b? + ¢2 — 2bc cos(a)
2bc cos(a) = b? + ¢? — a?
bc cos(a) = -%2(a? - b? + ¢?)

bec = bc cos(a)
bec = -1/2(a% — b% —¢?)




Multidimensional Scaling (MDS)

bec = -1/2(a% — b? —c?)

Kll Klz e oo Kln

K21 K22 e oo KZn

Ky Ky ... K,
K=UAUT

Z = UA?



MDS And PCA Are Equivalent

Z=UA”
X = USVT
XTX = VE2VT
XXT = Uz2UT

XV = US.
Z = UA"?



Component2

Multidimensional Scaling (MDS)
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Multidimensional Scaling (MDS)
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Outline Of The Talk

1)

2) Nonlinear dimension reduction methods
Isomap, LLE, Laplacian Eigenmap, TSNE, and UMAP



