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Three Dimensional Object and Its Two Dimensional Image
Ellipse as Shadow of Sphere
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Algorithm of PCA:
How Does PCA Find the Direction of Its Principal Component PC1?

X: data matrix

W XT: transposition
N S: XTX
| wo=sin(B) w: direction vector
z: principal component
w,=cos(0) A: eigen value
X2 e zZ = XW

e g Aximizevariance Var(z) — WTSW
e reddotsin A

his direction Choose w to maximize w!'Sw

1 :
: subject to wiw =1

Sw = Aw
w 1s the eigen vector and A 1s eigen value



Singular Value Decomposition (SVD)

p column vectors
n row vectors

X21 X2 -+ Xpp % 7 =XWA-12
= S
X = Zs AV2WT

_ Xpp Xp2 -ee Xpp
X: data matrix
Z: principal component
W: Eigen vector XTX =Vx2yT
A: Eigen value XXT =[32(yT
V: right singular vector
U: left singular vector 7 = UA2

> singular value
XTX: covariance matrix
XXT: Gram matrix or kernel matrix

Eugenio Beltrami and Camille Jordan, 1873-1874
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Globe Versus Google Map
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Principal Component Analysis (PCA)

Q\
QQV N

X11 X12

Xo1 X22
X2 Minimize residuals
A \(squared distance)

in this direction
L Xnl Xn2

v

x1

Karl Pearson 1901




3D Map Data

NORTH POLE (90" N. Latitude)




Eight European Cities Pairwise Distance Matrix

Athens | Berlin | Dublin (London|Madrid| Paris | Rome [Warsaw

Athens| 0 1119 | 1777 | 1486 | 1475 | 1303 | 646 | 1013
Berlin | 1119 0 817 577 1159 | 545 736 327
Dublin| 1777 | 817 0 291 906 489 1182 | 1135
London| 1486 | 577 291 0 783 213 897 904
Madrid| 1475 | 1159 | 906 783 0 652 856 | 1483
Paris | 1303 | 545 489 213 652 0 694 859
Rome | 646 736 1182 | 897 856 694 0 839
Warsaw| 1013 | 327 1135 | 904 | 1483 | 859 839 0




Triangle on a Curved Surface vs on a Plane

Non-Euclidean Euclidean
A2+ B2> (2 A2+ B2=(2

o+p+y=180°



The Dot Product of Two Vectors is
the Difference Between the Squared Distances
(Law of Cosines)

a’ =b? + ¢? — 2bc cos(a)

bc cos(a) = -Y4(a? - b? + ¢?)

bec =-1/2(a?> — b*> —¢?)

Warren Torgerson in 1958



Eigen Decomposition of Gram Matrix (Similarity Matrix)

bec =-1/2(a? — b> —¢?)

g11 812 --- 8in
g21 82 --- 8on

_gnl g2 --- gnn_

G = UAUT
Z=UA"
Z =XV

Z,=XVA~12
UA2=7

g;;1s dot product between element i and j
which captures similarity or relatedness

X Xyp

G: Gram matrix or kernel matrix
U: Eigen vector

A: Eigen value

Z:: principal component

Z: standardized Z

Z,=U
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) Denmark Lithuania
United & D
Kinadom V|Ir<1)|us b
g { /' Minsk
~/ ' lsleof Man V7D Mk
Dublin  Manchester Hamburg u 2
0o ©
Ireland Liverpool ] | Belar
| i/
Amsterdam -/ Beélm\ PoIandWarsaW
[ ) {
) ®
london Nether!fands G
® =0 .
issels ™ Cologne
‘\ABru%selsQ % Germany S \
“Belgium % Frankfurt " Prague <
il 0 © v
Luxembour
: N e Czechia “ ( 8
Paris e / / ! g
® y N T\ (O ; ) k=
Munich s~ Vienna  Slovakia ./ R
0 I © \C (S ) S
4 Austria 5% \Budgpest Mok 5@
T 2 Hungary ~ / Chisinal g
France . 7 ) &
2 ifSIoveniai@Z “‘f b X R . =
& PN codeDs Rilihe omania )
Q - 9 [
) Croatia\/ "™ Beorpayy o
o \ Bosniaand/ © " Bucfgrest o
A {Herzegovina\ - gerhia £
Monaco 3 V@ SN - Q
~Sarajevo \Sofia o
T Italy S TN Cogu
" Andorra_ ﬂzztrigsxgg, “Kosovo | © Bulgaria
e e e
Poorto : Barcglona Tiranae Macedaria .
f Madrid Albania T
) ® r !
Y Valenc Tyrrhenian Sea -
LPT)rtugali‘ Spain 0 Greece
Lo Athens izmir
Aegvu ol
( Se\éille it Algiers Tunis
9 3132l auso g
oMalaga )’ﬂ@ ; ©
Gibraltar

500 -

250-

-250-

-500 -

Dublin
[ ]

Madrid
[

London

Paris

-400

MDS Projection

0

Berlin
[ ]

Rome
(]

Component1 67.3% variance

400

Warsaw
(]

Athens
(]

800



Percent of variance
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Variance of MDS Components

percent.variance

type
- percent.variance
accumulated.variance

accumulated.variance

PC2 PC3 PC4 PC5 PC6 PC7 PC8
PC component



PCA vs MDS

PCA MDS
Data matrix Xop D,
Dot product Spp = XX G,, = XXT
transformation NA G =-1/2(HDH)
Eigen decomposition XTX=VAVT XXT=UAUT
SVD 7 =XV Z=U%X
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Euclidean Distance Versus Geodesic Distance

Euclidean distance

e——o (Geodesic distance




Nonlinear Dimension Reduction of Swiss Roll Dataset

, , , unfolding
Swiss roll manifold in 3D > 2D sheet

Euclidean distance e——e Geodesic distance
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somap

Swiss roll manifold in 3D KNN graph in 3D KNN graph in 2D
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Joshua Tenenbaum et al Science in 2000



Algorithm of Isomap
Distance. Matrix> p

KNN: k nearest neighbor

KNN.Graph

dii= dji + dy
d;; through k is the shortest path.

E = |[t1(Dg) — 7(Dy)|[,2

(D) = -1/2(HDH)

Minimize residuals
(squared distance) = | — T
\ in this direction H I l/n(ee )

Joshua Tenenbaum et al Science 2000



Summary of ISOMAP

ISOMAP 1s an extension of MDS. We use
geodesic distance instead of Eucledian distance for
curve or curved surface.

For KNN graph, K should be chosen to make
graph connected but not too large to retain local
linearity.

However, there are 1ssues about stability and
performance.
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T-distributed Stochastic Neighbor Embedding (TSNE)
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Laurens van der Maaten and Geoffrey Hinton, JMLR 2008



TSNE Versus PCA of the Same MNIST Dataset

TSNE
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Eftect of Sample Size on TSNE Plot
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tSNE_2

Eftect of Sample Size on TSNE Plot
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Effect of Cluster Numbers on TSNE Plot

tSNE_2
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T-distributed Stochastic Neighbor Embedding (TSNE)

Gaussian kernel @ Radial basis function (RBF) kernel
_ Ty-1
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